Uncertainty, misaligned expectations, and bond term premium measures*

Jestis Vazquez

March, 2024

ABSTRACT: This paper shows that inflation expectations and those embedded in short-term interest
rate expectations as reported in the Survey of Professional Forecasters show evidence of misaligned expecta-
tions. This misalignment seems to have been substantial in recent times, featuring a low correlation between
inflation and the policy rate (i.e. the Gibson paradox). This empirical evidence motivates an alternative ex-
planation, based on uncertainty rather than risk, of the bond term premium measures found in the literature.
This paper estimates an expectational term premium driven by misaligned short-term interest rate expecta-
tions from a medium-scale DSGE model, which introduces uncertainty by assuming adaptive learning (AL)
with discretional beliefs. The estimated 10-year expectational term premium shares important features with
the corresponding term premium measures obtained in the literature using no-arbitrage affine term structure
models. Thus, the expectational term premium is sizable, highly persistent, and mildly countercyclical. More
important, this expectational AL term premium is highly correlated with term premium measures obtained
from no-arbitrage affine models in the most recent period studied. In short, the estimation results suggest
that model uncertainty provides an important channel for explaining the bond premium measures lately by

introducing a potential misalignment of short-term interest expectations with inflation expectations.

JEL classification: D84, E30, E43, E44, G12
Keywords: uncertainty, expectation misalignment, expectational term premium, adaptive learning with

discretional beliefs, forward guidance.

*This research was supported by the Spanish Ministry of Science and Innovation, MCIN/ AEI /10.13039/501100011033/
under grant number PID2020-118698GB-100, and by the Basque Government under grant number I'T-1461-22.



1 Introduction

The bond term premium is defined as the wedge between a long-term yield and the average
of policy rate expectations—i.e. the yield implied by the expectation hypothesis of the
term structure (EHTS)— over the life of the long-term bond. Thus, the size of the term
premium signals the effectiveness of the policy rate (and the forward guidance in shaping
policy rate expectations) in affecting the yield curve. The term premium is typically viewed
as the additional return (a risk premium) that investors demand to compensate them for
the risk associated with a long-term bond. The term premium is not observable, but it is
typically estimated using no-arbitrage affine models (Kim and Wright, 2005; and Adrian,
Crump, and Moench, 2013) featuring a small number of risk (pricing) factors, in which the
parameters linking linearly these factors and bond yields are restricted to eliminate any
source of arbitrage opportunities. The rational expectations DSGE literature has struggled
to generate term premiums with the size and the appropriate dynamic features of those
estimated using no-arbitrage affine models (Rudebusch and Swanson, 2012; Lucas, 2003).
Rather than seeing the term premium as only a risk premium, I argue that the esti-
mated term premium measures obtained from no-arbitrage affine models may incorporate
uncertainty, in addition to risk, in their latent estimated factors.! In order to analyze this
hypothesis, this paper characterizes an endogenous ezpectational adaptive learning term pre-
mium, defined as the wedge between the (optimal) nominal yield associated with the j-period
maturity bond determined by a DSGE model and the yield implied by the EHTS, where the
two yields are obtained under the assumption of adaptive learning (AL) with discretional
beliefs described below. In contrast to the standard view of the bond term premium as a

compensation for risk, this expectational term premium is driven by model uncertainty mod-

I'A standard distinction between these two concepts can be described as follows. Risk refers to a scenario
under which the decision outcomes and their probabilities of occurrences are known to the decision-maker,
while uncertainty refers to a scenario under which that information is not available to the decision-maker
(Knight, 1921). Under rational expectations, decision-makers are usually assumed to know the true data
generating process, so uncertainty is ruled out. However, uncertainty may come into play when departures
from the rational expectations assumption are considered.



eled here through the AL assumption, which results in a misalignment between the inflation
expectations of agents and those embedded in short-term interest (policy rate) expectations.?
Interestingly, I find that average survey-based measures of inflation expectations and short-
term interest rate expectations as reported in the Survey of Professional Forecasters (SPF)
show evidence of misaligned interest rate expectations in recent times. More precisely, there
is a misalignment between survey-based 1-year-ahead inflation forecasts and those inflation
forecasts implied by survey-based short term policy rate forecasts computed through the lens
of a log-linearized asset pricing model. This is a novel finding, which challenges the effec-
tiveness of forward guidance (i.e. timely communication from central banks about the future
course of monetary policy) in leading the public’s inflation expectations.

Seeking to provide a novel approach to explaining the bond term premium based on
bounded rationality and model uncertainty, this paper estimates a term premium from an
estimated DSGE model extended with the term structure of interest rates, assuming adap-
tive learning (AL) expectations. In this AL framework, agents do not know the structure
of the economy, so they face a major source of uncertainty which is ignored in standard ap-
proaches built on the rational expectations (RE) hypothesis. Following Aguilar and Vazquez
(2021) and Vazquez and Aguilar (2021), I assume that AL expectations are based on small
forecasting models as in Slobodyan and Wouters (2012a,b), where the expectation of each
forward-looking variable in the DSGE model is described as a least-squares projection on
a small information set given by the contemporaneous and first-lag values of the forward-
looking variable.> Moreover, the small forecasting models are augmented with term structure
information, and it is assumed that agents’ expectations of a forward-looking variable at
short-term forecast horizons do not necessarily lead to consistent predictions of the variable

far into the future as implied by the law of iterated expectations used in other approaches to

2The approach followed here is in sharp contrast to a related paper by Vazquez and Aguilar (2021), who
characterize an exogenous AL term premium as the wedge between the actual yield of the j-period maturity
bond and the yield implied by the EHTS, which means that they then ignore misaligned expectations.

3This approach is associated with the broad class of restricted perception equilibriums, where agents
consider a misspecified model but form their beliefs optimally given the misspecification (Sargent, 1991;
Hommes and Sorger, 1998; Evans and Honkapohja, 2012).



AL.* T refer to these AL expectations, characterizing a precise form of uncertainty, as discre-
tional beliefs. These assumptions on beliefs are in line with the evidence provided by Froot
and Tto (1989) that short term investors’ expectations are not consistent with their long-term
expectations. In particular, they find that short term investors’ expectations overreact to
current shocks when compared with their long-term expectations. They are also in line with
how panelists in the SPF behave in changing their methods with the forecast horizon as
pointed out in Stark (2013).° Most importantly, abandoning the law of iterated expectations
is crucial in characterizing a potential misalignment of short-term interest rate expectations,
which generate the ezpectational AL term premium suggested in this paper.

Readers might wonder whether the small forecasting models used in the AL approach
considered here are too flexible by adding degrees of freedom on the information set that
agents are using in their forecasting models. However, this concern does not seem to be an
important empirical issue for several reasons (some of them already pointed out in Slobodyan
and Wouters, 2012): First, the data is shown to be informative on the small forecasting mod-
els considered in the AL approach followed here. Thus, the additional flexibility provided
by simple forecasting models is optimally used to fit the overall model on the data while
avoiding ending up in an unidentified model. Moreover, larger forecasting models include
more variables in the information set, and thus feature higher parameter uncertainty and
potentially more instability in the updating process. This overfitting problem certainly in-
troduces a bias toward smaller forecasting models. It turns out that a small forecasting model

based only on term spread information mainly captures learning dynamics, while the type

4More precisely, I consider an AL approach based on direct multi-step forecasting (Bhansali, 2002; Jorda,
2005) to characterize the multi-period-ahead expectations of forward-looking variables that show up when
the DSGE model is extended with the term structure of interest rates. This contrasts with the approach
followed in the related AL literature, which uses iterated forecasts built in general on a misspecified model. As
discussed by Jorda (2005), among others, direct forecasts associated with multi-period horizons outperform
iterated forecasts in dealing with misspecified models since misspecification errors are compounded with the
forecast horizon. Direct multi-step forecasting introduces additional flexibility which is not taken into account
when iterated forecasts are considered, and that extra flexibility results in a better model fit (Aguilar and
Vazquez, 2021).

5The failure of the law of iterated expectations could also show up under RE whenever investors have
heterogeneous information sets. An example of this approach is followed in Barillas and Nimark (2019).



of small forecasting model based on second order autoregressive processes used in Slobodyan
and Wouters (2012) plays a rather minor role in our estimated DSGE model under AL with
arbitrary beliefs. As pointed out in Aguilar and Véazquez (2021), simple forecasting models
based only on term structure information perform well because the time-varying intercepts in
them capture the long-run features of data well, such as the downtrend exhibited by inflation
and the short-term interest rate in the early 1980s. Meanwhile, the time-varying learning
coefficients associated with term spreads capture short-run macroeconomic fluctuations rel-
atively well (for instance, those featuring the growth rates in consumption and investment).
Second, the estimates of structural parameters and the identification of shocks do not seem to
be very sensitive to the forecasting model considered. Third, average survey-based measures
of short-term interest expectations and inflation expectations obtained from the SPF are also
included in the set of observables used in the estimation procedure in order to discipline the
learning parameters featuring small forecasting models and their updating processes. Hence,
the discretional beliefs identified in the estimation procedure are to some extent aligned with
survey-based expectations. Finally, it is important to emphasize that the term premium mea-
sures obtained from estimated no-arbitrage affine models do not enter into the estimation
procedure used here; rather, they are only used to assess the expectational AL term premium
generated as an estimated latent variable in the estimation procedure. Hence, both the esti-
mated small forecasting models and the potential failure of the law of iterated expectations
are assumptions which are empirically falsifiable by assessing the ability of the estimated AL
term premium measure to reproduce the dynamic features characterizing the term premiums
obtained from no-arbitrage affine models.

The AL-DSGE model is estimated using US quarterly data for 1983:2-2017:3. The esti-
mation results show that the estimated expectational term premium obtained under AL with
discretional beliefs shares some features with those estimated in the related literature, such
as those suggested by Kim and Wright (2005) and Adrian, Crump, and Moench (2013) using

no-arbitrage affine models. Thus, the estimated expectational AL term premium is sizable,



highly persistent, and mildly countercyclical; but it shows a rather low correlation with term
premium measures obtained from no-arbitrage affine models. However, the picture changes
quite dramatically if attention is focused on recent times. Thus, the estimated 10-year ex-
pectational AL term premium is highly correlated (0.82) with the Adrian-Crump-Moench
term premium and more moderately correlated with the Kim-Wright term premium (0.71)
for 2001:1-2017:3, while the correlation between the term premiums from the two affine mod-
els is 0.80 in that period. Hence, the misaligned policy rate expectations captured by the
expectational AL term premium with discretional beliefs seem to be substantial in recent
times, and the Adrian-Crump-Moench model is somewhat better able to capture this decou-
pling of nominal expectations than the Kim-Wright model. Moreover, the evidence found on
misaligned policy rate expectations challenges the effectiveness of recent forward guidance as
a monetary policy tool to some degree. This misalignment seems to be linked to the low cor-
relation between inflation and the short-term nominal interest rate (i.e. the Gibson paradox)
found in Cogley, Sargent, and Surico (2012) and Casares and Vézquez (2018), which shows
the limitations at controlling inflation through an orthodox monetary policy based on policy
rate adjustments.

Variance decomposition analysis shows that wage markup shocks, investment-specific
technology shocks, and monetary policy shocks between them explain around 95% of the
fluctuations in the 10-year expectational AL term premium, and hence the long-term expec-
tation misalignment, but their relative contributions change quite dramatically depending
on the forecast horizon considered in the variance decomposition. Thus, the main drivers of
short-term fluctuations in the expectational AL term premium are monetary policy shocks
(67.3%), while the contributions of wage markup shocks and investment-specific technology
shocks are much smaller at 22.7% and 3.7%, respectively. These results change dramatically
when the unconditional variance decomposition is analyzed: Investment technology shocks
then explain 85.1% of the long-term fluctuations in the expectational AL term premium,

while the contributions of policy shocks and wage markup shocks drop substantially to 6.8%



and 4.5%, respectively.

In sum, these findings suggest that model uncertainty, illustrated in this paper by the
presence of a representative agent who forms expectations using an AL scheme with discre-
tional beliefs, provides an alternative interpretation of the bond premium measures found in
the literature which is in contrast to other features —such as consumer preferences featuring
high-level risk aversion— assumed in DSGE frameworks to generate sizable term premium
fluctuations. In particular, these findings provide empirical support for the hypothesis put
forward in the literature (Barillas, Hansen, and Sargent, 2009; Rudebusch and Swanson,
2012; among others) that model uncertainty is an alternative to the unpleasantly large risk
aversion parameters of 50 or 100 needed in RE-DSGE models to fit the data as criticized in
Lucas (2003).

The rest of the paper is structured as follows. Section 2 reviews some issues in the term
premium and AL branches of literature. Section 3 describes a simple model to illustrate how
misaligned nominal expectations result in an expectational term premium and provides some
preliminary evidence based on survey-based forecasts reported in the SPF. Section 4 considers
a DSGE model extended with the term structure of interest rates and derives an expectational
term premium under AL with discretional beliefs. Section 5 shows the estimation results of
the DSGE model and discusses their implications. Section 6 analyzes the dynamic features
of the AL term premium estimated here in comparison with those estimated in the related

literature. Section 7 concludes.

2 Related literature

This section links the contribution of this paper to two branches of literature.
Financial premium literature

Structural macroeconomic literature has broadly taken two approaches to explaining finan-

cial premiums, as summarized in Kliem and Meyer-Gohde (2021). One approach incorpo-



rates financial market frictions and/or segmented markets (e.g. Gertler and Karadi, 2011;
Carlstrom, Fuerst, and Paustian, 2017; Sims and Wu, 2021) that restrain financial mar-
ket participants and generate premiums as spreads between market rates (e.g. of different
maturities) and the risk-free, short-term rate. Such premiums are risk-neutral expected
losses from, say, default, which leads to the second approach taken in the literature: In that
second approach, time-varying term premiums result from the pricing via the stochastic dis-
count factor of endogenous conditional heteroskedasticities generated by the nonlinearities
in the model (e.g. Rudebusch and Swanson, 2012). This approach views term premiums on
medium- and long-term nominal bonds as compensations for the inflation and consumption
risks faced by investors over the lifespans of bonds. There is a large body of literature that
finds that estimated 10-year term premium measures obtained from no-arbitrage affine term
structure models are sizable, persistent, and fluctuate significantly over time (e.g. Giirkaynak
and Wright, 2012 and references therein). However, standard macroeconomic DSGE models
based on the RE hypothesis find it hard to explain term premium dynamics. For instance,
Rudebusch and Swanson (2012) make progress by combining several features: (i) Epstein-Zin
preferences (Epstein and Zin, 1989), so risk aversion can be modeled independently from the
intertemporal elasticity of substitution; (ii) a third-order approximation;® (iii) both long-
run real (as in Bansal and Yaron, 2004) and nominal risks; and (iv) a huge risk aversion.
Using similar RE-DSGE models, Dew-Becker (2014), Kliem and Meyer-Gohde (2021), and
Amisano and Tristani (2023) estimate term premium measures with rather distinctive empir-
ical features.” In spite of the progress made in this literature, all these (estimated/calibrated)
DSGE models rely on an unpleasantly large risk aversion parameter, which is needed to over-

come the lack of model uncertainty implied by the RE hypothesis in the characterization of

61n this class of model, a first-order approximation eliminates the term premium entirely due to the well-
known property of certainty equivalence in linearized RE models. Indeed, a third-order approximation is
needed to obtain a (model-based) time-varying term premium (Rudebusch and Swanson, 2008).

"Thus, the latter two reproduce the mild downward trend displayed by the estimated term premium
measures obtained from no-arbitrage affine term structure models since the early 1980s (for instance, Adrian,
Crump, and Moench, 2013) quite well. However, the term premium estimated by Dew-Becker (2014) shows
an upward trend, at least at the start of the Great Moderation period, which is in contrast to other term
premium measures.



term premium dynamics. One important exception is the paper by Andreasen, Fernandez-
Villaverde, and Rubio-Ramirez (2018): They use a GMM method to estimate the pruned
state-space system for a third-order perturbation approximation to a New Keynesian model
with Epstein—Zin preferences that includes feedback effects from long-term bonds to the real
economy, enabling them to match the level and variability of the 10-year term premium with

a low relative risk aversion of 5.
Adaptive learning literature

As pointed out by Adam and Marcet (2011), AL literature takes the first-order optimality
conditions that emerge under RE and replaces the conditional RE operator, F;, in those
optimality conditions by an AL conditional expectations operator, /L. Standard AL ap-
proaches typically assume that the law of iterated expectations implied by the RE hypothesis
also holds for the subjective expectations of the representative agent under AL (Honkapojha,
Mitra, and Evans, 2003). Imposing the law of iterated expectations on AL conditional expec-
tations has led to some conflicting results, as described in Adam and Marcet (2011). For in-
stance, Adam, Marcet, and Nicolini (2016) consider the one-step-ahead asset pricing equation
P, = SEAE(Pyy1+Dyy 1) and show that a variety of stylized asset pricing facts can be explained
if agents are learning about future price behavior. By contrast, Timmermann (1996) and oth-
ers impose the law of iterated expectations and study the implied relationship between the
stock price and the expected discounted sum of dividends (P, = E/F > 7210 Dyyj), which
results in a much weaker impact on stock prices from dividend learning behavior. Evans
and Honkapohja (2003) are much closer to the monetary DSGE framework considered in
this paper: They consider AL in one-step-ahead Euler optimality conditions. Preston (2005)
shows that learning outcomes also differ in models of this type when the one-step-ahead Euler
optimality conditions are iterated forward based on the law of iterated expectations. Interest-
ingly, Adam and Marcet (2011) strongly argue that (one-step-ahead) Euler equations under
AL-——rather than optimality conditions derived through the application of the law of iterated

expectations— are less ad-hoc from a microfoundation perspective of the consumption-based



asset pricing model. More precisely, Adam and Marcet (2011) suggest that the law of iter-
ated expectations may fail under realistic circumstances such as imperfect market knowledge
and the lack of common knowledge on agents’ beliefs and preferences. Thus, a marginal
agent that prices a stock or bond in actual markets is changing with time, and given that
agents hold heterogeneous beliefs, the equilibrium price is determined by expectations based
on different probability measures in each period. As a result, the iteration forward on the
one-step-ahead pricing equation may not properly represent agents’ optimal pricing decisions.
Adam, Marcet, and Beutel (2017) make further progress on these asset price determination
issues.®

This paper is also related to recent papers by Aguilar and Vazquez (2021) and Vazquez
and Aguilar (2021) that estimate log-linear DSGE models under AL using the type of small
forecasting models considered here. In sharp contrast to those two papers, here the EHTS
is not imposed in determining the long-term bond yields. This results in an endogenous
expectational bond term premium defined as the difference between the yield implied by the

standard consumption-based asset pricing equation under AL and the yield implied by the

EHTS.?

8Kozicki and Tinsley (2005) is an early paper that considers adaptive expectations (rather than the AL
used here) to characterize term structure dynamics. More specifically, its authors consider a model where
the EHTS is imposed (i.e. long-term interest rates are given by agents’ beliefs about expected average
future short-term rates), but in which adaptive beliefs are determined by agents’ perceptions of the central
bank’s long-run inflation target. As discussed in Giirkaynak and Wright (2012), there is a related literature
that seeks to explain term structure anomalies in terms of shifting perceptions of the central bank’s long-run
inflation target. More recently, Sinha (2015, 2016) also investigates the implications of AL for the yield curve.
However, her approach to AL is rather different from the one followed here, as discussed below. Moreover,
her papers do not address the implications of AL for the estimated bond term premium.

9This paper also considers an extended sample period (1983-2017) that includes the Great Recession,
whereas the other two papers consider a different sample period that includes the Stagflation period of the
1970s and the early 1980s and finishes at the end of the Great Moderation period (around 2008).

10



3 A simple model of misaligned expectations and some
preliminary evidence

The standard consumption-based asset pricing equation associated with each maturity is
obtained from the first-order conditions that characterize the optimal decisions of the repre-

sentative consumer endowed with discretional beliefs:

(1 +R§j}>j

EtD M{j} \
i:1 (1 + 7Tt+k)

t

=1, foryj=1,2, .., n,

where EP defines a discretional expectations operator, O M1 = pi % is the stochastic
discount factor (i.e. the pricing kernel) associated with a j-period maturity bond, /3 is the
subjective discount factor, Uc,; denotes the marginal utility of consumption at time ¢, and Cy,
7, and Rt{j ! denote consumption, the rate of inflation, and the nominal yield associated with
the j-period maturity bond, respectively. The set of non-linear optimality conditions clearly
shows that current consumption, C}, and the yields associated with alternative maturity
bonds, Rt{j }, which are priced at time ¢, are determined by the expected paths of future
consumption, and inflation. R,}U }is known at time t, so the set of the optimality conditions

can be written as

- 1
(1+R2) B

i:1 (1 + 7Tt+k)

M

] =1, forj=1,2, ..., n, (1)

Using the expression for the conditional covariance between the pricing kernel, Mt{j }, and the

1

T imren)’ equation (1) can be written as
k=1 Tt+k

inverse of inflation over the lifetime of the bond,

1
i=1 (1 + 7Tt+k)

B () B2

. 1 N -
+ covy (Mt{]}, : )) = <1+Rt{‘7}) " (2)

ey (L4 T

0By a “discretional expectations operator”, I mean an expectations operator that deviates from the stan-
dard RE expectations operator and, in addition, does not satisfy the law of iterated expectations.
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In contrast to the related literature, and in order to focus on the alternative interpretation of
the term premium based on expectation misalignment driven by model uncertainty, I ignore

here the covariance term which captures the standard interpretation of a term premium as a

1

]—> = (. This restriction can
1 (14T )

compensation for risk—i.e. I impose that cov, (Mt{j },
simply be imposed by taking (natural) logs in equation (1) and ignoring Jensen’s inequality

of expectation as follows:

J
GRPVY 4 BPm =N BPr =0,
k=1

or

4 1(J .
R?{]} == <Z EtD77t+k - EtDm;t{]}> ) (3)

J k=1

where mfj} = log <Mt{j}>. Notice that I have added the superscript “D” to the nominal yield
of the j-period maturity bond to emphasize that this yield is obtained under discretional
learning.

I define the expectational term premium of the j-period bond as

. : 1 it
D D
TpPUr = RPUY _ ; > EPRY. (4)
k=0

Substituting equation (3) into (4) gives

. 1 J 1 it .

TP = - (z E?mk> - (Z EPR + EPm” ). (5)
J \i=1 7 \i=o

According to equation (3), the expectation of the (log-) pricing kernel, %EtDm;{j}, is the

negative of the ex-ante real return of the j-period bond, so the expectational term premium,

TPtD{j }, can then be intrepreted as a misalignment between the average of expected inflation,

1

i < i:l EtD7Tt+k>, and the average of (expected) inflation embedded in the short-term policy

12



rate expectations,
Z 1

over the lifetime of the bond (i.e. the difference between the average of policy rate expecta-
tions and the expected real return, —E m Uhy,
Assuming a standard additive-separable power utility function in consumption and leisure,

the marginal utility of consumption is
UC,t - (Ct)iaa

where o denotes the constant relative risk aversion parameter. This implies that the log of

the pricing kernel is given by

{J} = log (M{j}> = log (5] C;ﬂ) = jlog (B) — o (logCy1j — logC) .
t

Substituting this expression in (5) gives

o1 (I 1 (2 oEP (logC.; — logC.
TPtD’{]} = 3 (Z EtD7Tt+k> — [; <Z E,:DR&];) - : ( J ;ﬂ J t) + log (5) ) (6)
k=1 k=0

E{ (logCys j—logCt)

where captures the expected average of the growth rate of consumption over
the life of the bond.

Figure 1 shows evidence on the decoupling of average survey-based measures of in-
flation expectations reported in the SPF and those inflation expectations embedded in
the average survey-based measures of the short-term interest rate expectations also re-
ported in the SPF. More precisely, the upper graph in this figure summarizes this decou-
pling by showing the SPF 1-year expectational term premium, TRSPF’{4} , defined as 4 x
{E (o mshr) = |4 (g RGP — elteslessglosC™2 4100 x dog (8)] b (black line),

HTo keep the same units across the four components of this expectational term premium, I first compute
inflation and the short-term nominal rate in quarterized units, given that the SPF reports them in annualized

13



where the SPF inflation expectations accumulated over 1 year are given by Zi:l T2 BE (blue
line), and Wfﬁi denotes the k-period-ahead expectations for the inflation rate reported in

the SPF; Riﬂr’fPF denotes the k-period-ahead expectations for the one-quarter nominal in-

terest rate reported in the SPF, so 7_, Rt{ﬁ’SPF (grey line) denotes the SPF short-term

I 1 SPF
llogCirza 40904 is the expected average

nominal rate expectations accumulated over 1 year;
consumption growth rate over the 1-year forecast horizon reported in the SPF; o = 1.5 and
B = 0.9982.12 Thus, [(Zizo Rt{ﬂg’SPF> — 0 [logCiys — logCy)°"F + 400 x log (3)| denotes
the inflation expectations path embedded in the short-term policy rate expectations over
the 1-year forecast horizon (red line), and o [logCl 4 — logC’t]SPF —400 x log () denotes the
corresponding 1-year ex-ante real interest rate (green line). Notice that while SPF inflation
expectations (blue line) remain stable in the second half of the sample period, the infla-
tion expectations path embedded in the short-term policy rate SPF expectations (red line)
shows a clear downtrend for the whole sample period, which clearly suggests the presence of
a strong misalignment of expectations in recent times. Moreover, the SPF 1-year expecta-
tional term premium, identifying misaligned expectations (i.e. the wedge between the blue
and red lines), increases substantially around the last three recessions. Put differently, the
preliminary evidence found using SPF data supports the idea that misaligned expectations
increase substantially in recessions. Interestingly, all these recessions feature high levels of
the real interest rate relative to policy rate expectations, but the Great Recession and its

aftermath are associated with a larger, longer rise in the expectational term premium than

the other recessions.

units. Second, log(B) is multiplied by 100 because inflation, nominal interest rates, and consumption growth
rates are reported in percentage units in the SPF. Finally, the whole expression for the expectational term
premium and its components shown in the graph is multiplied by 4 so that it is all measured in annualized
units.

12These two parameter values are fairly standard and close to the estimated values reported by Smets and
Wouters (2007) and Slobodyan and Wouters (2012) assuming either RE or AL.
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Figure 1. Decoupling of inflation expectations based on the SPF and the Gibson paradox.

Notes: All dynamic moments are computed using a 20-year rolling window. Rolling variables are measured in quarterized

All variables in the upper graph in Figure 1 show sizable short-run fluctuations which

somewhat hide their low-frequency dynamics. In order to improve visualization of the latter,

the bottom graph in Figure 1 shows, in quarterized units,'® (i) the dynamic mean of the

inflation expectations path embedded in the short-term policy rate expectations over the

13In contrast to the upper graph, where annualized units are used, the bottom graph uses quarterized units
because they are similar in size to the dynamic correlations also plotted here.
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1-year forecast horizon, }12220 (Rﬁifpp> — o[logCt+4;logCt]SPF + 100 x log (B) (red line); (ii)

the dynamic mean of SPF inflation expectations, 1 3, T, (blue line); (iii) the dynamic

correlation between the 1-year yield and inflation (black line); (iv) the dynamic mean of the

ez-ante real interest rate implied by the four-quarter-ahead SPF forecasts for consumption

o(logCyy ;—logCi) 57"

growth, — 100 x log (B) , (green line); and (v) the dynamic unconditional
covariance between the implied ex-ante real interest rate and inflation using SPF forecasts
for consumption growth and inflation (grey line). These dynamic moments are computed
using a 20-year rolling-window (i.e. 80 quarterly observations), but the patterns of dynamic
moments remain robust if, for instance, a 5-year rolling window is used. The horizontal axis
in the bottom graph indicates the first quarter of the corresponding rolling window. The first
three dynamic moments show a clear downtrend pattern in the bottom graph. In particular,
from the early 1990s onwards all windows show a low dynamic correlation between inflation
and the 1-year yield, showing evidence of the Gibson paradox at the short end of the yield
curve in recent times. This finding is also aligned with the low correlation between infla-
tion and the short-term interest rate as revealed in Cogley, Sargent, and Surico (2012) and
Casares and Vazquez (2018). As discussed above, the Gibson paradox seems to be related
to a disconnection between the inflation expectations of professional forecasters and those
embedded in the short-term rate SPF forecasts as shown by the divergent paths of infla-
tion expectations and those embedded in the short-term rate expectations. In contrast, the
relative stability of the dynamic mean associated with the four-quarter-ahead consumption
growth SPF forecasts across the rolling windows suggests that the implied dynamic mean
of the ex-ante real interest rate across windows is relatively stable, which in turn suggests
that the stronger downtrend in inflation expectations embedded in the short-term policy
rate expectations is mainly driven by a downtrend in the short-term policy rate forecasts,

%L (Zi:o R;/{i]}c’SPF» which is especially pronounced during the 2001-2004 and 2007-2009 peri-

ods.'* Furthermore, the stability around zero of the dynamic covariance between the implied

14 At this point, it must be clarified that the implied ex-ante real interest rate obtained from SPF data
is not constant at all, as shown in the upper graph in Figure 1. What it is shown in the bottom graph is
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1-year real interest rate and the 1-year-ahead expectations of inflation obtained from SPF
forecasts provides some degree of support for the zero-covariance constraint imposed by the
log-linearized model considered above.'

This section shows an illustration of misaligned interest rate expectations at the short-end
of the yield curve using a simple consumption-based asset pricing model and SPF data. The
following section considers a full-fledged DSGE model of the term structure, where model
uncertainty is introduced by assuming AL with discretional beliefs. This model results in a 10-
year expectational term premium capturing misaligned expectations and model uncertainty.
It turns out that uncertainty, characterized here by the 10-year expectational term premium,

increases greatly in recessions, as asserted by Bloom (2014).

4 A DSGE model of the term structure with adaptive
learning

The model estimated builds on the Smets and Wouters (2007) model and its AL extension
studied by Slobodyan and Wouters (2012a). This standard medium-scale estimated DSGE
model contains both nominal and real frictions that affect the choices of households and
firms. I follow Aguilar and Vazquez (2021) and Vazquez and Aguilar (2021) by extending the
medium-scale DSGE model to account for the term structure of interest rates, but in contrast
to their papers the long term rates here are determined by the corresponding consumption-
based Euler equation instead of the EHTS. Moreover, I deviate from the monetary policy rule
in the Smets and Wouters (2007) model by assuming that the monetary authorities follow

a Taylor-type rule and react to expected inflation, output gap, output gap growth, and a

that the rolling-mean of the implied ex-ante real interest rate across windows, capturing its low-frequency
dynamics, does not show any clear trend.

5This unconditional covariance should be viewed as a simple proxy of the conditional covariance that
shows up in equation (2). While 4-quarter-horizon forecasts of both the log of stochastic discount factor,

mf‘l}, and the log of compounded inflation, log [m] = f% (21:1 7rt+k>, can be obtained from the

k=1 (
SPF, the conditional covariance of these two variables is neither reported in nor can be inferred from SPF

forecasts.
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term spread as defined below. My purpose is to characterize the central banker and private
agents as sharing a similar degree of uncertainty about the overall model economy, and about
inflation in particular. As in Smets and Wouters (2007), the model contains seven structural
disturbances associated with technology, demand-side, monetary policy, and price and wage
markup shocks. I present the extensions of the Smets and Wouters (2007) model next. The
remaining log-linearized equations of the estimated model are presented in a supplementary

appendix.

4.1 The expectational term premium under AL

This section characterizes the expectational AL term premium introduced in Section 3 by
augmenting the Smets and Wouters (2007) model with the term structure of interest rates
and considering AL expectations with discretional beliefs. Thus, the consumption-based asset
pricing equation associated with each maturity is extended to consider habit formation and
labor in the description of preferences. More precisely, the standard consumption-based asset
pricing equation associated with each maturity is obtained from the first-order conditions that

characterize the optimal decisions of the representative consumer:

Y
; Uc(Crajs Cfij-1s Litg) <(1 + R}:{]})>

Ef :
UC<Cta CtAflv Lt) ?{:1(1 + 7Tt+k>

t

=1, forj=1,2, ..., n, (7)

where EAAL stands for the AL conditional expectations operator with discretional beliefs (i.e.
this AL expectations operator does not satisfy the law of iterated expectations),'® L, is
labor, and the lagged aggregate consumption element, C/ |, in the utility function captures
the possibility of external habit formation. The rest of the notation is standard and identical
to that used in equation (1).

Considering the multiplicative utility function assumed in the Smets and Wouters (2007)

16Here, we use the superscript AL, instead of D used above, to emphasize the use of a particular AL
expectations operator described below.
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model and further assuming a logarithmic utility function, the (linearized) consumption-

based asset pricing equations can be written as'”

J
7\ | . AL .
Ty = E;ALxHj — (1 — h) Jry Uy ZEtALﬂHk , forj=1,2 .. n, (8)
k=1
where the following notation is used: x; = ¢; — hei_q, h = % h denotes the habit formation
parameter, and v denotes the balanced-growth rate. Lower case variables denote the log-
deviation of consumption, ¢, from its balanced-growth (steady-state) value or, alternatively,

L{j}, and the rate of inflation, 7, from their respective

the deviations of the nominal yields, 7“24
steady-state values. Here, I also add the superscript “AL” to the nominal yield of the j-period
maturity bond to emphasize that this yield is obtained under AL with discretional beliefs
and abstracts from any Jensen’s inequality terms capturing the standard interpretation of a
term premium as a compensation for risk.

{j}, is defined as the wedge between the nom-

{4}

The expectational AL term premium, tptA L
inal yield associated with the j-period maturity bond, 7“;4 L , consistent with the log-linear
approximation (8) of the consumption-based asset pricing model, (7), and the nominal yield
associated with the j-period maturity bond implied by the EHTS under AL with discretional
beliefs, %Zi;é Ef‘Lrﬁr},;. Formally,

j—1

: N
AL AL
tp; U= T W ; E EtALrt{Jljg (9)
k=0

As emphasized above, the expectational AL term premium, tpr{j }, only captures a potential
misalignment between inflation expectations that shows up in the set of optimality conditions
(8) and the path of inflation expectations implied by the EHTS, which are embedded in

short-term interest rate expectations, once consumption growth expectations are taken into

17T A log-utility function on consumption simplifies the estimation procedure because, among other issues,
it avoids having to deal with labor expectations. This greatly reduces the number of forecasting models to
be estimated under AL.
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account as discussed in the previous section. In contrast to the standard interpretation of the
term premium as a compensation for risk, the expectational AL term premium, tpr{j }, only
captures a potential misalignment of inflation expectations and those inflation expectations
embedded in the policy rate since the log-linear approximation (8) eliminates any Jensen’s
inequality terms resulting in a standard interpretation of the term premium. In short, the
expectational term premium is entirely driven by misalignments in policy rate expectations
implied by model uncertainty. This approach enables me to identify empirically a term
premium determined by uncertainty rather than risk. This empirical strategy to distinguish
uncertainty from risk is useful in the present framework because the concept of uncertainty
is typically viewed as a broad one: A stand-in for a mixture of risk and uncertainty (Bloom,
2014).

As is clear in (8), consumers do not need to compute expectations for the short-term rate
(or the yield consistent with the EHTS) to obtain their optimal decisions. Hence, consumers
under AL with discretional beliefs are not necessarily aware of departures from the EHTS.!®
In order to compute tpr{j }, I consider forecasting rules (discretional beliefs) for E{‘Lrt{i
similar to those used by agents to define the expectations for the forward-looking variables of
the model (i.e. the combination of forecasting rules for each forecasting horizon only contains

the contemporaneous and first-lag values of the forward-looking variable and the term spread,

as discussed below in detail). I refer to tptA LU} henceforth as the expectational term premium

18To be clear, the set of linear equations (8) should be viewed as the simple log-linear approximations
of the set of (non-linear) optimality conditions (7) defined under AL with discretional beliefs used to bring
the model to the data in the estimation procedure below. This view circumvents an issue raised in the AL
literature. For instance, Eusepi and Preston (2018, footnote #10) argue that expected yields with multiple
assets under discretional subjective beliefs in a first-order approximation may not satisfy no-arbitrage because
such beliefs are inconsistent with bounded portfolio decisions. I argue that this issue is not important in this
paper for several reasons. First, a reasonable AL assumption is that agents are aware of their non-rational
beliefs (i.e. they know that they do not know the true model), so unbounded portfolio decisions cannot be
optimal because departures of long-term yields from those implied by the EHTS do not guarantee riskless
profits because inflation expectations embedded in short-term interest rate expectations are not necessarily
aligned with the inflation expectations of agents, as suggested by the evidence discussed above. Second,
optimal decisions as described in (8) do not require the computation of short-term interest rate expectations,
so optimal agents under AL with discretional beliefs are not necessarily aware of departures from the EHTS.
Finally, interest should not center on a first-approximation per se but on nonlinear optimality condition (7)
under AL. That is, the first-order approximation of the optimality conditions must be then understood just
as an approximation used to bring the model to the data.
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to distinguish it from the total term premium, which adds an exogenous (measurement error)

term to tpr{j } associated with the J-period maturity yield, as also discussed below.

Long maturity term structure

The analysis of the term premium associated with the 10-year yield under the approach
followed in this paper requires the use of the consumption-Euler equation associated with

that yield. As implied by equation (8), the equation for the 10-year yield is given by

40
Ty = EtAthHO — (1 — i_l) 40 x rfLHO} — Z Ef‘%er
k=1

Considering a long term maturity yield such as the 10-year yield means characterizing the
expectations for consumption and inflation up to a 40-quarter horizon, and the expectations
for the short term rate up to the 39-quarter horizon in order to compute the associated
10-year term premium, tpr{4O}, as shown in equation (9). In the current setup a long
forecasting horizon dramatically increases the number of forecasting model parameters for
consumption, inflation, and the short-term rate being estimated, potentially leading to a

curse of dimensionality problem.'” To deal with this issue, I assume the following simple

recursive structure for expectations on forecast horizons beyond the four-quarter horizon:

AL _ AL
Ef ey = peE{ ey,
AL _ AL
EALry s = pn B, (10)

AL _ AL
Ef o1 = e B oo,

\

for j > 4. This structure builds on forecasting rules (15) and (16) described below which,
among others, characterize E/fc,,y, Eflm 4, and Effr, 3. The parameters fic, jir, and fi,

are estimated jointly with the rest of the parameters of the model.

9That is, the number of learning coefficients to be estimated, described below in equations (15) and (16),
increases much faster than the number of yields as longer-maturity bonds are considered.

21



The law of iterated expectations

To show the importance of the property of the law of iterated expectations in identifying the
expectational term premium, let F, define an expectations operator who satisfies the law of
iterated expectations (i.e. Et <Et+hzt+j> = Etztﬂ-, for any forward-looking variable z; and
j > h > 0). For an expectations operator of this type, the set of optimality conditions (8)

can be written as

J
xy = By — (1= h) [jrt{]} - ZEtﬂt+k , forjg=1,2, ..., n. (11)
k=1

In particular, for j = 1 equation (11) becomes*

Ty = Etxt+1 — (1 — ]_Z) |:Tt{1} — EN'tWt+1:| .

Under the law of iterated expectations, this optimality condition can be iterated j-periods

forward to obtain:

J
Tt = Et'rt-f—j — (1 — h) Z Et |:T;{i}];71 — T4k | - (12)
k=1

A straightforward comparison of equations (11) and (12) gives the pure EHTS:
, 1 i1
i = > Erii),
J =0

which implies that the expectational term premium (9) vanishes when the law of iterated
expectations is satisfied, since the inflation expectations of agents and those implied by the
EHTS are identical (i.e. actual inflation expectations and those embedded in the policy rate

expectations are perfectly aligned in this case).

20Notice that the superscript AL is removed from 1/} in equation (8) when writing (11) to distinguish the
j-period nominal yield implied by AL with discretional beliefs, FEAE ) from that implied by (11), where the

law of iterated expectations is imposed,E}.
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An alternative AL term premium

The characterization of the expectational AL term premium suggested in this paper differs
from the AL term premium considered in Vazquez and Aguilar (2021). In their paper,
they focus only on the 1-period (linearized) consumption-based asset pricing equation (i.e.

equation (8) for j = 1):
Ty = EfL$t+1 - (1 - B) [jrt{l} - EfLWtH] ) (13)

and assume that long term yields are determined, up to an exogenous term premium, by the

EHTS. Formally, their j-period maturity yield is defined as

j—1
=S B gl (14)
J =0
where 5;“ } denotes their term premium defined as the wedge between the observed yield and
the yield implied by the EHTS, 7";4 L=BH{Y This can be interpreted as an exogenous measure
of fluctuations in the risk premium (De Graeve, Emiris, and Wouters, 2009).

The following three remarks clearly distinguish the approach suggested in this paper from
the one in Vazquez and Aguilar (2021). First, in Vazquez and Aguilar (2021) current con-
sumption is determined by the current 1-period real interest rate and the 1-period-ahead ex-
pected consumption (as shown in equation (13)), but here the set of asset pricing equations (8)
implies that current consumption (implicitly defined by the quasi consumption growth rate,
x;) depends on the expected path of the j-period real interest rates (i.e. r;{j} — i::l EAL7 )
and the corresponding ezpected path of consumption (defined in Ef‘L:L‘Hj). Second, by impos-
ing the EHTS to determine long-term yields, Vézquez and Aguilar (2021) ignore the presence
of misaligned expectations when modeling the term premium under AL with discretional be-
liefs. Finally, the (endogenous) expectational AL term premium described in (9) should also

be distinguished from the exogenous AL term premium, ffj }, studied in Vazquez and Aguilar
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(2021). As is standard in empirical applications of term structure models (e.g. De Graeve,
Emiris, and Wouters, 2009), Vazquez and Aguilar (2021) augment the EHTS with an ex-
ogenous term premium shock, as in (14), which is viewed as an exogenous convenience yield
term (see, among others, Krishnamurthy and Vissing-Jorgensen, 2012; Greenwood, Hanson,
and Stein, 2015; Del Negro, Giannone, Giannoni, and Tambalotti, 2017) related to the safety
and liquidity features of (US) government bonds relative to assets with the same payoff,
but without such singular properties. As an alternative to their exogenous term premium
specification, this paper provides a characterization of an (endogenous) expectational term
premium under AL with discretional beliefs that does not impose the EHTS in determining

long-term yields.

4.2 Adaptive learning

This paper departs from the RE assumption by considering a type of behavioral AL which
places lack of knowledge about the economic environment at center stage in the characteri-
zation of the term premium. Under AL, agents do not know the structure of the economy,
so they face a first-order uncertainty. That is, RE agents are able to identify all sources of
uncertainty, but AL agents have to learn—in general-—about how the economy behaves, and
in particular about the alternative sources of fundamental model uncertainty from the time
series that they observe when they are forming their expectations in an imperfect information
setup.

By considering small forecasting models (e.g. Adam (2005), Branch and Evans (2006), Slo-
bodyan and Wouters (2012a,b), Rychalovska, Slobodyan, and Wouters (2016), and Vazquez
and Aguilar (2021)), this paper deviates from the minimum state variable (MSV) AL ap-
proach followed by Eusepi and Preston (2011) and others (Orphanides and Williams, 2005;
Milani, 2007, 2008, 2011; Sinha, 2015, 2016), where agents’ expectations are assumed to be
based on a (linear) function of the state variables of the model. In contrast, small forecasting

models assume that agents generate their expectations based on the information provided
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by endogenous variables, such as those appearing in the optimality conditions of a DSGE
mode].?!
Next, I provide a brief description of how AL expectation formation works.?2 A DSGE

model can be represented in matrix form as follows:

Ly Z
AO o + A1 ' + AQEI:/ALZtJ,_j + B[]Et = 0,

Wi—1 Wy

where Z, is the vector of endogenous variables at time ¢, E**Z;. ; contains multi-period-
ahead expectations (i.e. it includes longer-dated forecasts of consumption, inflation, and the
short-term interest rate), and w; is a vector including seven exogenous shocks and the lagged
innovations, €1, of the price- and wage-markup shocks since they are modeled as ARMA(1,
1) processes.

Agents are assumed to use small forecasting models (i.e. their perceived law of motion

processes) defined as follows:
ZtJrj = Xtﬁt{i}i +ut+j7 fO?"j = 1a 27 w1,

where Z, is the vector containing the forward-looking variables of the model (i.e. Z; is
included in Z,;), X, is the matrix of regressors, ﬁ;{j }is the vector of updating parameters,
which includes an intercept, and u; is a vector of errors. Those errors are linear combinations
of the true model innovations. Therefore, the variance-covariance matrices, X = E [ut+jutT+j],
are non-diagonal. Agents are further assumed to use simple econometric tools under AL. More

precisely, they use a linear least squares projection in which the parameters are updated to

21 As argued in Aguilar and Vazquez (2021), small forecasting models can be thought of as a more appealing
approach to AL than MSV on several grounds. Small forecasting models are robust to alternative models
characterized by different MSV sets. This is an important feature because one of the main motivations for
moving from the RE assumption to some sort of AL is that agents do not really know what the true model
is. Consequently, they are uncertain about the actual MSV set. Taking into account the limited information
scenario faced by agents in reality seems to be an important feature in estimating the term premium: That
premium is characterized by expectation misalignment, which is driven by model uncertainty and thus fully
abstracts from the standard view of a term premium as a compensation for risk as emphasized above.

22For a detailed explanation see Slobodyan and Wouters (2012a).
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form their expectations for each forward-looking variable: FALZ,, ; = Xtﬁt{f 3; The updating
parameter vector, f3;, which results from stacking all the vectors Bt{j }, is further assumed to
follow an autoregressive process where agents’ beliefs are updated through a Kalman filter
as described below. This expectation updating process is represented as in Slobodyan and
Wouters (2012a) by the equation 3, — 8 = F(8;_1 — () + v;, where F is a diagonal matrix
with the learning parameter | p |[< 1 on the main diagonal and v; are ii.d. errors with
variance-covariance matrix V. This standard AL approach assumes that agents do not take
into account the fact that their belief coefficients will be revised in the future—e.g. Sinha
(2016), and Eusepi and Preston (2011, 2018).%

Once the expectations of the forward-looking variables, EALZ, , ;, are computed they are

plugged into the matrix representation of the DSGE model to obtain a backward-looking

representation of the model as follows:

Ly Ly
= Ut + 711‘/ + Rteta
Wy W—1

where the time-varying matrices p;, T; and R; are nonlinear functions of structural parameters
(entering into matrices Ay, Ay, Ay and By) together with the learning coefficients, 5;. This
representation of the model is called the actual law of motion.

The Kalman-filter updating and transition equations for the belief coefficients and their

corresponding covariance matrix are given by

_ T p-1 ~1
= _ _ _ t— _ — - — — 9
Bie = Brje—1 + Byje—1 X1 | X+ X 1Rt|t 1 Xt 1} (Zt Xi—1Be 1)

where (8,11t — ) = F(Byr — B), Byji—1 is the estimate of 8, using the information up to time

t —1 (but also considering the autoregressive process followed by 3;), and Ry, is the mean

23This assumption can be rationalized by using an anticipated utility approach such as that put forward
in Kreps (1998) and Sargent (1999). Such an approach assumes that agents do not take into account future
updates of beliefs when making current decisions but are otherwise fully optimal. This is in contrast to
the Bayesian belief approach followed by Adam, Marcet, and Beutel (2017), which takes belief updates into
account.
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squared error associated with By,_;. Therefore, the updated learning vector 3, is equal to
the previous one, (;;_;, plus a correction term that depends on the previous forecast error,
(Zt — Xt,lﬂt‘t_1>. The mean squared error, Ry, associated with this updated estimate is
given by

Ry = Ryp—1 — Rypp—1 Xy | 2+ XtTflRfl X1 _lXtT,lRil

tlt—1 tit—1°

with Ryp1p = FRy FT + V.

The initialization of this Kalman filter for the belief coefficients requires that 3y =
B, Ry, 3, and V be specified. I follow Slobodyan and Wouters (2012a), where all these
expressions are derived from the correlations between the model variables implied by the RE

equilibrium computed at the corresponding structural parameter vector.

Forecasting models based on small information sets

I consider that agents combine two alternative forecasting models at the same time, track
their forecasting performance, and use a variant of the Bayesian model averaging method
to generate an aggregate forecast from the alternative forecasting models that is used to
characterize their decisions.?* In the first forecasting model I follow Slobodyan and Wouters
(2012a) by assuming a perceived law of motion (PLM) featuring a second-order autoregressive
process for each one-period-ahead conditional expectation that shows up in the DSGE model
analyzed. T also consider the contemporaneous and the first lag for the PLM that characterizes

the remaining j-period-ahead conditional AL expectations. Formally,

mi: B Zy =000, + B0, Zo+ B8, 2 (15)

24More precisely, for each forecasting model m; the agents track the value of

t
1
Bi,t =t lOg (det (t Z; ULU;T>> + R+ lOg(t),

where k; is the number of degrees of freedom in the forecasting model m; and w; is the i-th model forecasting
error. As pointed out in Slobodyan and Wouters (2008), this expression is a generalization of the sum of
squared errors adjusted for degrees of freedom using the Bayesian information criterion penalty. Thus, given

values of B; ¢, the weight of a model 7 at time ¢ is proportional to exp (f%Bm).

27



The second forecasting model follows Aguilar and Vazquez (2021) and Vézquez and

{4} {4} _

Aguilar (2021) by also considering the 1-year term spread—sp; ’ = r; r;. Formally,

mo : Ef‘LZt+j = 95,@;&—1 + ’ygt}_lspfl}. (16)

A comparison of forecasting models (15) and (16) shows that the latter is simpler and
contains term spread information, which is observed in real time and thus entertains a realistic
feature in the learning process, while the former is well suited to characterizing expectations
in macroeconomic scenarios featuring large persistence. The use of the PLM (16) is further
motivated by the ability of term spreads to predict inflation (Mishkin, 1990) and real economic
activity (Estrella and Hardouvelis, 1991, Estrella and Mishkin, 1997). It turns out that the
estimation results show that the forecasting model (16) fully characterizes the learning process
since 1988. This date roughly coincides with the end of the disinflation process in the US
that started in the early 1980s, and the start of a period featuring low inflation persistence
and the resurgence of the Gibson paradox as documented in Cogley, Sargent, and Surico
(2012) and Casares and Vazquez (2018). This fall in inflation persistence may explain why
the forecasting model (15) plays no role in describing expectation dynamics since 1988 as
also discussed below.

In line with the PLM (15)-(16), discretional beliefs are considered. Thus, each expecta-
tional horizon is estimated separately, so they do not have to be consistent with each other.
As discussed above, this AL approach based on direct multi-step forecasting overcomes the
potential weakness of alternative AL models relying on iterated forecasts obtained from a
misspecified forecasting model because misspecification errors can be compounded with the

forecast horizon.?>:26 Through the time-varying learning parameters, the AL approach intro-

25Preliminary estimation attempts show that the combination of the two alternative small forecasting
models helps to identify the learning parameter, p, in the approach based on the set of optimality conditions
followed in this paper.

26This multi-step forecasting approach to AL is in clear contrast to the maintained beliefs hypothesis
suggested in Preston (2005) (and also followed in Eusepi and Preston (2011) and Sinha (2015, 2016)), which
not only imposes an infinite forecast horizon but also considers iterated forecasts used under the MSV
approach.
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duces some non-linear features that help somewhat to overcome the log-linear approximation
typically used in DSGE models. As emphasized in Aguilar and Vazquez (2021), this feature
improves model fit by capturing low frequency patterns in the data captured by the time-
varying intercepts, QEEJ_D in equations (15) and (16). Moreover, the combination of different

small forecasting models in the AL model adds flexibility, and somewhat resembles how SPF

panelists forecast, as discussed above.

PLM disciplined by the Survey of Professional Forecasters

Readers might wonder whether the AL approach considered here is too flexible in adding
degrees of freedom. To cope with this issue, and as a way of disciplining the expectations
for the short-term interest rate implied by the EHTS, which are crucial in defining the term
premium, [ assume that the deviation over the current and the next three quarters in the
average of the short-term interest rate AL model expectations (}l 22:0 Et"‘Lrt{ﬁC) from their

observable counterparts reported in the SPF, denoted by E{S%Fmt, follows a first-autoregressive

process.?” Notice that the l-year yield implied by the EHTS is given by 137/, E{‘Lrt{}i.

Therefore, using the observable counterpart of }l Zi:o rﬁ},’c’SPF in the SPF helps to discipline

the estimated 1-year expectational AL term premium.

Readers may also wonder why I only discipline the expectations of the short-term in-
terest rate. There are three main reasons: First, unlike expectations for other variables
(consumption and inflation), short-term interest rate expectations do not fall within the set
of optimality conditions under AL with discretional beliefs as described by equation (8) and,

thus, they are not disciplined by model’s dynamics. Therefore, it is important to discipline

2TSeveral authors suggest that it may be appropriate to allow for the possibility of serial correlation in
noise to accommodate a realistic departure of market forecasts from survey forecasts. In particular, Kim and
Orphanides (2012) argue that survey forecasts only serve as a noisy source of information on expectations
since surveys may not always represent the expectations of market participants. Cohen, Hérdahl, and Xia
(2018) argue that forecasters may compete for business or for influence through their calls. Moreover, surveys
are typically computed as equal-weighted averages of responses, whereas market yields are determined by the
expectations of the marginal investor (Li, Meldrum, and Rodriguez, 2017). Furthermore, a few participants
may have a huge impact on the market and they may have an informational advantage over professional
forecasters.

29



those expectations critically defining the EHTS, and hence the expectational AL term pre-
mium with discretional beliefs in (9) with survey-based data on expectations. Second, as
shown in Vézquez and Aguilar (2021), the need to discipline AL expectations is greatly re-
duced by including term structure information in the forecasting models as I also do in this
paper, as discussed above. Finally, the inclusion of SPF forecasts to discipline consumption
and inflation expectations would further increase the number of observables considered in
measurement equation (18) below, which is already large. In spite of these arguments, a
sensitivity analysis is carried out below by also including the average of the SPF inflation
forecasts over the next four quarters, iZizl ﬂfﬁF , in the set of observables in order to
discipline further the learning coefficients featuring the AL forecasting model for inflation

expectations. As shown below, the dynamics of the estimated AL term premium are not

altered when the set of observables is augmented with SPF inflation forecasts.

4.3 A forward-looking policy rule

As in Slobodyan and Wouters (2012a), I deviate from the monetary policy rule in the Smets
and Wouters (2007) model by assuming that the monetary authorities follow a Taylor-type
rule, reacting to inflation, output gap, and output gap growth, where the output gap is
defined as the deviation of output from its underlying neutral productivity process. The
monetary policy rule assumed in Slobodyan and Wouters (2012a) is also slightly modified to

@ = I as in Vazquez and Aguilar (2021);28

include (i) the 1-year term spread, sp
and (ii) AL inflation expectations instead of contemporaneous inflation. This forward-looking
rule enables informational symmetry to be maintained between the private sector and the

central bank (i.e. the inflation expectations of the two types of agent coincide). Formally,

Z8McCallum (1994) and Vazquez, Maria-Dolores, and Londofio (2013) are early papers that discuss the role
of term spreads as simple predictors of future macroeconomic conditions in the characterization of monetary
policy. This assumption is also in line with Andreasen, Fernandez-Villaverde, and Rubio-Ramirez (2018) who
augment the standard Taylor rule to include the excess return on a longer-term bond.
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the policy rule is given by

{4}

T’t{l} = pﬂ’t{i}1 + (1 — pr) [TszqLWt-i-l + Tygt} + TAyAZ)t + T5p3pt4 + 5:7 (17)

where the output gap is defined as gy, = y; — Pef (i.e. as the deviation of output from its
underlying neutral productivity process) and the policy shock, &} | is assumed to follow an
AR(1) process with a persistence parameter denoted by pg, as in the Smets and Wouters

(2007) model.

5 Estimation results

This section starts with a description of the data and the estimation approach, then goes on

to discuss the model fit and estimation results.

5.1 Data and estimation approach

The AL-DSGE model with multiple asset price equations suggested here and the AL model
in Vazquez and Aguilar (2021) (henceforth, VA-AL specification) are estimated using US
quarterly data for 1983:2-2017:3. The set of observable variables is identical to the one
considered by Slobodyan and Wouters (2012a) (i.e. the quarterly series of the inflation
rate, the federal funds rate, the log of hours worked, and the quarterly log differences of
real consumption, real investment, real wages and real GDP) with the addition of the 1-
and 10-year, zero-coupon Treasury yields and the average of the SPF (nowcast) forecasts
of the three-month TB rate from 0- to 3-quarter horizons. GDP, consumption, investment,
and hours worked are measured in per-working age population terms. The sample period
includes the Great Recession, so I consider the shadow rate suggested by Wu and Xia (2016)
to deal with the zero-lower-bound issue that affects it. The shadow rate is the same as the
federal funds rate when the zero-lower-bound is not binding, but it is negative to account for

unconventional policy tools implemented when the federal funds rate is close to the zero lower
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bound (roughly from 2009:1 to 2015:4). Recent papers (e.g. Wu and Zhang, 2019; Mouabbi
and Sahuc, 2019; and Aguirre and Vazquez, 2020) use the shadow rate as a replacement for
the federal funds rate in New-Keynesian frameworks.

The set of measurement equations is

[ dIGDP, - - ol - - Yt — Yi—1 -
dICON S, 5y Cr — Ci_q
dlINV, ¥ g — g1
dIW AG, o1 Wy — W1
dl P, T U
= _ + . (18)
{Hours; l l;
FEDFUNDS, T Tt
1 — year T B yield, T 3 Zk o Eftr {12 + tpAL{4} + 6{4}
10 — year T'B yield; T 10 ig 0 EALT&},; + tpAL{4O} + e{io}
_ Tt{4},SPF _ _ FSPF _ %Zk OEZALTE_é 4 {4} SPF _

where [ and dl denote the log and the log difference, respectively. 7 = 100(y — 1) is the
common quarterly trend growth rate for real GDP, real consumption, real investment, and
real wages. These are the variables that feature a long-run trend. [, @ and 7 are the steady-
state levels of hours worked, inflation, and the short-term interest rate. The superscripts
SPF and {4} in the last row of the measurement equation denote actual average forecasts
from the SPF and the corresponding forecast horizon, respectively. Hence, the measure-

L . 40
ment equation involves 10 observable variables and three measurement errors, ei t} , it }, and

eii}’SPFassociated with the 1-year and 10-year yields, and the average of the SPF forecasts

of the short-term nominal rate over the current and next three quarters, respectively.?’ T

allow for persistence in the measurement errors associated with the 1-year and 10-year yields

29Together with the seven structural shocks, the inclusion of these three measurement errors implies that
the sum of structural shocks and measurement errors is (at least) equal to the number of observables used in
the estimation procedure, which overcomes the stochastic singularity that would otherwise show up, making
estimation impossible.
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and €, ", respectively). Importantly, these measurement errors capture any other com-
ponents determining the actual yields, such as the component of the term premium typically
viewed as the additional return for the risk associated with a long-term bond, which is to-
tally ignored when (linearized) consumption-based asset pricing equations (8) are considered.
According to the penultimate equation of (18), the total 10-year AL term premium (i.e. the
wedge between the 10-year yield and the 10-yield implied by the EHTS, 7+ ;5 229:0 E;“Lrt{}i)
is thus defined as the sum of two elements: (i) The expectational AL term premium, tp?L{4O};
and (ii) the measurement error, eiﬁo}.?’o In a sensitivity analysis reported below, the mea-
surement equation (18) is augmented by also including the average of the SPF forecasts of
inflation over the next four quarters in order to assess the robustness of the estimated expec-
tational term premium measure. Below, I also assess the robustness of the expectational AL
term premium by extending the sample period to the last quarter of 2019.

The estimation uses the Bayesian estimation procedure commonly used in the related
DSGE literature. First, the log posterior function is maximized by combining prior informa-
tion on the parameters with the likelihood of the data. The prior assumptions are exactly
the same as in Slobodyan and Wouters (2012a). Moreover, I consider rather loose priors for
the parameters that characterize both bond term premium dynamics and the measurement
errors considered. The second step implements the Metropolis-Hastings algorithm, which
runs a long sequence of a million draws of all the possible realizations for each parameter to
obtain its posterior distribution.

As stated above, in addition to the calibrated parameters considered in Slobodyan and
Wouters (2012a), I set the relative risk aversion parameter to one (that is, a log-utility func-
tion on consumption is assumed). This restriction is imposed for several reasons. First, it

avoids having to deal with hours-worked expectations, which reduces the number of fore-

30T do not further decompose the expectational AL term premium into real and inflation term premium
components in this paper. Such a decomposition would require real term structure data to be considered
in addition to the large number of observed variables already used in the paper. Moreover, the use of real
term structure data is somewhat problematic because real zero-coupon yields can be obtained only from
1999 onwards. Hordahl and Tristani (2014) overcome this problem by considering real yields as unobservable
variables before 1999 in the estimation procedure of their macroeconometric-term-structure model.
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casting models to be estimated. Second, it imposes a parameter value for the relative risk
aversion that is much closer to a standard parameterization of the utility function which,
in addition, mutes the possibility of the expectational term premium picking up any com-
ponent of the term premium consistent with the standard view of a compensation for the
risk associated with long-term bonds since a very large value of the risk aversion parameter
is needed to generate this type of standard term premium— see e.g. Rudebusch and Swan-
son (2008, 2012); and Van Binsbergen, Fernandez-Villaverde, Koijen, and Rubio-Ramirez
(2012)— with high-order approximations of the non-linear consumption-based asset pricing

equation as discussed above.

5.2 Model fit

A comparison of the (log) marginal likelihood values associated with the AL model with
multiple asset price equations suggested here and the VA-AL specification suggested in
Véazquez and Aguilar (2021) results in a substantial improvement in model fit of [-371.03 —
(—445.73) =] 74.70 log-points in favor of the former, as shown in the bottom line of Table 1
below.

Figure 2 shows the plots for the observable variables used in the estimation procedure
(solid blue line) together with the 1-quarter-ahead forecasts associated with the baseline AL
model suggested in this paper (dotted red line) and the VA-AL specification (dashed green
line). In both cases the AL model fits the macroeconomic time series, the 1-year and 10-year
zero-coupon yields, and the short-term rate SPF forecasts reasonably well. In particular, the
root mean squared error (RMSE) statistics based on in-sample forecasts, shown in each graph
of Figure 2 for the two models, indicate that the fit is very good for all the nominal variables
used in the estimation procedure. The baseline specification also greatly improves the fit
of investment and real wage growth rates, while the VA-AL specification does a better job
in fitting consumption growth. Furthermore, the RMSE-statistics for the two specifications

are also in line for the alternative variables with those reported in Slobodyan and Wouters
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(2012a), who estimate a similar AL-DSGE model but do not consider the term structure
block of the model (or term structure information in the forecasting models) considered in
the baseline and the VA-AL specifications.

A supplementary appendix analyzes the performance of the baseline- and VA-AL spec-
ifications in reproducing selected second-moment statistics obtained from actual data. The
stochastic simulation of the two model specifications shows that they both provide reasonable
characterizations of the macroeconomy and the variables that describe the term structure
of interest rates (i.e. the I-year and 10-year yields and the 1-year yield implied by the
EH of the term structure based on the SPF expectations for the short-term interest rate,
rts PF{4}). These features mean that the two AL specifications studied are appropriate tools
for analyzing the properties of the term premiums associated with them.

The estimation results also show that the weight associated with each of the two fore-
casting models is 0.5 for around the first five years of the sample (roughly until 1988), while
forecasting model (16) (based only on term spread information) fully characterizes the ex-
pectations of forward-looking variables for the rest of the sample. This finding highlights
the major importance of term structure information in characterizing learning dynamics.
Moreover, the fall in inflation persistence reported in Cogley, Sargent and Surico (2012) and
Casares and Vazquez (2018) may explain why the forecasting model (15), which is prone to

capture persistent dynamics, plays no role in describing expectation dynamics after 1988.
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Figure 2. Historical and one-quarter-ahead forecast time series yields.

Note: Each graph shows the RMSE-statistics for the baseline AL model and the VA-AL specification (in parenthesis).
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5.3 Posterior estimates

Table 1 shows the estimation results for a selected group of parameters featuring both en-
dogenous and exogenous persistence for the baseline- and VA-AL models. The estimate of the
learning parameter p (around 0.94) is similar for the two specifications.®® These estimates of
the learning parameter are also similar to those reported in Slobodyan and Wouters (2012a)
and Vazquez and Aguilar (2021) using the data up to the end of the Great Moderation
period.

An analysis of the differences in posterior estimates obtained from the two specifications
reveals that (i) habit formation is much lower in the baseline-AL specification than in the
VA-AL one (0.26 versus 0.71), but the opposite occurs for the capital utilization adjusting
cost parameter (0.75 versus 0.03); (ii) Calvo wage probability is also much lower for the
baseline model (0.24 versus 0.59); (iii) the moving-average coefficients of markup shocks are
lower in the baseline model, especially for markup wage shocks; and (iv) regarding policy
rule parameters, the baseline AL model results in higher persistence and higher interest rate
responses to both inflation and output gap than the VA-AL model, while the term spread
coefficient, r,,, takes a similar value for the two specifications and is in line with those
reported in Aguilar and Vazquez (2021) and Vazquez and Aguilar (2021) under AL, thus

showing a robust response of the policy rate to the 1-year term spread.

31 A supplementary appendix shows the full set of parameter estimates for the two specifications.
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Table 1. Selected parameter estimates (Sample period: 1983:2-2017:3)

Parameters associated with real rigidities

habit formation () 0.26,/0.71
(0.23,0.29)
cost of adjusting capital (¢) 2.61/2.65
(2.33,2.79)
capital utilization adjusting cost (1)) 0.75/0.03
(0.69,0.81)

Parameters associated with nominal rigidities

Calvo price probability (&p) 0.66,/0.63
(0.61,0.71)
Calvo wage probability (&) 0.24/0.59
(0.21,0.27)
price indexation (Lp) 0.17/0.14
(0.11,0.23)
wage indexation (Ly) 0.51/0.48
(0.45,0.58)
Learning parameter (p) 0.93/0.95
(0.92,0.94)
log data density -371.03/-445.73

Parameters assoctated with markups
mark-up price AR coef. (pp)  0.98/0.95
(0.96,0.99)
mark-up wage AR coef. (py ) 0.96/0.96
(0.94,0.98)
mark-up price MA coef. (1)  0.47/0.58
(0.41,0.52)

mark-up wage MA coef. (Nw 0.17/0.50

(0.11,0.21)
Policy rule parameters
inertia (pr) 0.97/0.86
(0.96,0.98)
inflation (7'7) 1.56/1.37
(1.45,1.64)
output gap (77y) 0.16/0.00
(0.13,0.20)
output gap growth (7 Ay) 0.03/0.01
(0.02,0.03)
term spread (7'p ) 0.18/0.17
(0.15,0.21)

Note: Each cell shows the posterior parameters estimates for the baseline- and VA-AL specifications, respectively. Parameter

notation and credible sets for the baseline specification are in parentheses. The credible sets for the VA-AL specification are

available in the supplementary appendix.
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6 AL term premium features

This section analyzes the AL term premium features associated with the 10-year yield. To
that end, I compare the annualized estimated AL term premiums with those estimated from
the no-arbitrage affine models of Kim and Wright (2005) and Adrian, Crump and Moench
(2013). Figure 3 shows the estimated term premiums associated with the 10-year bond yield
from the expectational AL model suggested in this paper (black line) together with the five-
factor no-arbitrage affine model of Adrian, Crump and Moench (2013) (blue line) (henceforth
called the ACM term premium), and the three-factor arbitrage-free term structure model
estimated by Kim and Wright (2005) (purple line) (henceforth called the KW) for the sample
period 1990:3-2017:3.3? In order to assess the robustness of the results, Figure 3 also plots the
10-year bond yield from the expectational AL model when the average of the SPF forecasts of
inflation over the next four quarters is included in the set of observables. Several conclusions
can be drawn from this figure. First, the two expectational AL term premium measures have
very similar patterns. The two expectational AL term premiums are sizable and show wide
fluctuations as the alternative measures. Second, there are major (and persistent) departures
(around 200 basis points or even higher) between alternative measures of the term premium.
Importantly, a strong comovement between the expectational AL measures and the ACM
term premiums is observed since 2001. Thus, large increases can be seen in the expectational
term premium measures and the (five latent factors) ACM measure after the 2001 and 2007-
2008 crisis, which contrast with the mild increase in the (three latent factor) KW measure.
This finding suggests that the two additional latent factors considered in the estimation of the
ACM measure might well be associated with the increasing uncertainty generated by these
recessions, which is well captured by the estimated expectational AL term premium. This
finding is also aligned with the idea that “... uncertainty rises in recessions”, as postulated by

Bloom (2014). Finally, the rapid fall of the expectational term premium since 2011 suggests

32Notice that the first observation (1990:3) in this comparison analysis of alternative term premiums is
different from the first observation in the estimated sample period (1983:2). This is because the KW term
premium time series is available only from 1990:3 onwards.
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that the expectation misalignment resulting from uncertainty captured by this term premium

measure has been losing importance since the end of the Great Recession.

10—yr Exp—AL (Baseline)
10—yr Exp—AL (with SPF inflation)

| 10yr—ACM
10yr—KWwW

-15-1.0-05 00 05 10 15 20 25 30 35 40

1991 1993 1995 1997 1999 2001 2003 2005 2007 2009 2011 2013 2015 2017

Figure 3. Annualized 10-year term premiums.
Notes: The two annualized ezpectational AL 10-year term premium measures reported in this figure are computed as

4 x tprHO}.

Figure 4 illustrates the robustness of the expectational AL term premium to an extension
of the estimation sample to the last quarter of 2019, excluding the Covid-19 pandemic period
and its aftermath. For this extended sample, the estimated expectational AL moves a little

closer to the ACM term premium since 2001 than for the shorter sample period.
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Figure 4. Annualized 10-year term premiums for an extended sample.
Notes: The ezpectational AL 10-year term premium is obtained by estimating the model for the extended period 1983:2-
2019:4.

Table 2 goes beyond the visual presentation provided by Figures 3-4 and shows statis-
tics (standard deviation, first-order autocorrelation, and contemporaneous cross-correlations)
that point to further similarities and differences between the alternative term premiums com-
puted for the sample period 1990:3-2017:3. In addition to the term premiums displayed in
Figure 3, this table also considers three other AL term premium measures: (i) The esti-
mated exogenous measure of the 10-year AL term premium obtained with the baseline set
of observables and computed as 4 x eiio}; (ii) a total measure of the 10-year term premium,
which adds this exogenous measure to the baseline expectational AL measure; and (iii) the
exogenous 10-year term premium based on the AL model of Vazquez and Aguilar (2021).
The standard deviations of the total and expectational term premiums associated with the
AL-DSGE model suggested here can be seen to be higher than the standard deviations of
the other term premiums except for that of the exogenous AL term premium. Moreover, the
first-order correlation statistic indicates that AL induces a highly persistent expectational AL
term premium much in line with those obtained from no-arbitrage affine models (ACM and

KW). Table 2 also shows the correlations of alternative measures of term premiums with the

cyclical component of GDP (HP-GDP) computed with the HP filter (Hodrick and Prescott,
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1997). Clearly, all term premiums are (mildly) countercyclical, in line with much of the
relevant theoretical and empirical literature (e.g. Campbell and Cochrane, 1999; Cochrane

and Piazzesi, 2005) as emphasized by Bauer, Rudebusch, and Wu, 2014; among others).

Table 2. 10-year term premium second moments (1990:3-2017:3)

Total AL Expect. AL Expect. AL Exo. AL VA ACM KW

(baseline) (baseline) (SPF inflation)  (baseline)

Std. dev. 1.20 1.26 1.32 1.70 1.18 1.01 0.90
1st-order autoc. 0.92 0.97 0.98 0.97 0.94 0.95 0.96

Cross-correlations (1990:3-2017:3)

Expect. AL (baseline) 0.05 1

Expect. AL (with SPF inflation) - 0.99 1

Exo. AL (baseline) 0.70 -0.71 - 1

VA 0.52 -0.37 -0.42 0.64 1

ACM 0.71 0.23 0.14 0.33 0.69 1

KW 0.55 -0.18 -0.23 0.52 0.94 0.83 1
HP-GDP -0.45 -0.17 -0.10 -0.20 -0.19 -0.51 -0.26

Cross-correlations (2001:1-2017:3)

Expect. AL (baseline) 0.32 1

Expect. AL (with SPF inflation) - 0.98 1

Exo. AL (baseline) 0.59 -0.58 - 1

VA 0.17 0.38 0.40 -0.18 1

ACM 0.49 0.82 0.80 -0.28 0.52 1

KW 0.20 0.71 0.74 -0.43 0.85 0.80 1
HP-GDP -0.48 -0.30 -0.23 -0.15 -0.06  -0.56 -0.29

Notes: We do not show the cross-correlations of the expectational term premium estimated including the SPF average

inflation in the set of observables with the estimates of the total and the exogenous term premium measures obtained in the

baseline estimation that excludes SPF average inflation from the set of observables.
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To bring to light differences and similarities across term premiums, Table 2 also shows the
correlations between the six term premiums for the period 1990:3-2017:3 and for the most
recent subsample 2001:1-2017:3. For the whole period (1990:3-2017:3), a low correlation
(0.23) can be observed between the baseline expectational AL term premium and the ACM
term premium. Meanwhile, the exogenous AL term premium captured by the estimated
measurement error associated with the 10-year yield shows a moderate correlation (0.52)
with the KW term premium, lower than that (0.83) of the two term premiums obtained
from affine models (ACM and KW). Moreover, the exogenous measure of the 10-year AL
term premium is more closely correlated with the other three measures of the term premium
(VA, ACM, KW) than the expectational AL one, suggesting that model uncertainty brought
about by the latter might not seem important when the whole sample period is considered.
These correlations are in clear contrast with those obtained for the period 2001:1-2017:3,
which includes the 2001 recession and the Great Recession. In this recent 17-year period,
the correlations of the expectational term premium with the two affine term premiums are
much higher. This is particularly true for the ACM term premium, with a high correlation
at 0.82, while the correlation between the expectational AL and KW is lower at 0.71. In
contrast, the exogenous measure of the 10-year AL term premium shows negative correlations
with the ACM and KW measures (as well as with the VA and the expectational AL ones),
indicating that it has performed poorly in recent times.®> These results suggest that the
misalignment of expectations between inflation and the policy interest rate captured by the
expectational AL term premium with discretional beliefs has been especially substantial lately
and that the ACM is able to capture such misaligned expectations somewhat better than
the KW model. These findings challenge the view that term premium measures estimated
from reduced-form (affine) models are only driven by risk as assumed in RE frameworks. In

particular, misalignments in policy rate expectations due to a sort of bounded rationality

33 As discussed above, this exogenous measurement error might be capable of capturing the component of
the term premium defined as the additional return for the inflation and consumption risks associated with
a long-term bond. Recall that this risk term premium component is totally ignored when the expectational
term premium is characterized by considering the (linearized) consumption-based asset pricing equations (8).
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(and uncertainty) also seem to be an important driving force behind the dynamics of term
premium measures obtained from affine models in recent times.

This insight is explored further in Figure 5, which shows the dynamic correlation between
inflation and the 10-year yield (black line) together with the dynamic means of (i) the 10-

year expectational AL term premium (grey line); (ii) the estimated 10-year expected inflation

) - el ,

where h is the implied value of h = % defined above, which is obtained from the estimated

path implied by the EHTS (red line),** computed as {4% ( i E;“er}r],;

posterior means of h and ; and (iii) the estimated 10-year expected inflation path (blue line)

L

) ( iozl E;“Lﬂt+k). These three time series are estimated as by-products of

computed as
the baseline AL specification suggested here. These dynamic moments are computed using a
20-year rolling window. The horizontal axis indicates the first quarter of the corresponding
rolling window. Since the early 1990s all windows have shown low dynamic correlation
between inflation and the 10-year yield, evidencing that the Gibson paradox shown in recent
literature for short-term interest rates (Casares and Vazquez, 2018) is carried over from the
short end to the long end of the yield curve. As discussed above, the Gibson paradox seems
to result in a disconnection between inflation and the policy rate and that disconnection is
extended to some degree to the whole yield curve. The disconnection is likely to further
result in a decoupling between the 10-year inflation expectation path and the 10-year path
of inflation expectations embedded in the expectations of the future policy rate as shown by
their divergent paths in Figure 5. These divergent paths have resulted in a sizable estimated
10-year expectational AL term premium in recent times. Notice also that these divergent
paths of inflation expectations are rather similar to those shown in Figure 1, which were
obtained using SPF (short-term) forecasts.

The question of how monetary policy featuring forward guidance may affect the expecta-
tional term premium may be raised. Forward guidance may certainly reduce the decoupling

between inflation expectations of agents and the inflation expectations embedded in their

34That is, the 10-year expected inflation embedded at the policy rate expectations over the next 10 years.
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policy rate expectations, but the evidence from the expectations reported in the SPF (as

shown in Figure 1) and those implied by the AL-DSGE with discretional beliefs (Figure

5) casts doubt on the success of forward guidance on this front, especially during recession

episodes surrounded by economic uncertainty signaled by expectational premium spikes.
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Figure 5. Expectational term premium and the Gibson paradox
Notes: The dynamic means and the correlation between inflation and the 10-year yield are computed using a 20-year

rolling window. The dynamic mean of the expectational AL 10-year term premium is computed as ﬁ ( iozl E{‘Lwt_,_k) —
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are measured in quarterized units.

Term premium variance decomposition

Table 3 shows the variance decomposition of relevant observable variables used in the estima-
tion procedure and the expectational AL term premium. Fach cell in this table reports two
figures: First, the contribution to the forecast error variance for the 1-year forecast horizon of
the corresponding variable; and second, the unconditional variance decomposition. The low

level of persistence of the variables measured in growth rates implies that the variance decom-
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positions at the short- and long-term horizons are fairly similar. However, the differences in

variance decomposition across forecast horizons are much greater for the remaining variables,

which are much more persistent, as shown in Figure 2 above. Focusing on the expectational

AL term premium, it can be seen that the main drivers of its short-term fluctuations are

monetary policy shocks (67.3%) and wage markup shocks (22.7%), while the contributions

of other shocks are much smaller (e.g. the contribution the investment shock is 3.7%). The

relative contributions of shocks change quite dramatically when the unconditional variance

decomposition is analyzed. Thus, investment technology shocks explain 85.1% of the long-

term fluctuations in the expectational AL term premium while the contributions of monetary

and wage markup shocks drop substantially to 6.8% and 4.5%, respectively.

Table 3. Variance decomposition

Ay Ac Ainv Aw l T r

Shocks

Productivity 10.9/10.5  0.6/0.6  0.0/0.0  0.3/0.3  29.3/12.1  0.9/0.2 1.2/3.2
Risk premium 24.8/26.9 83.6/82.0  0.8/1.0 3.8/4.0  27.5/88 13.4/104  0.1/4.8
Exog. spending 52.1/50.3  0.6/0.5 0.0/0.0 0.3/0.3  31.0/56.5  0.1/0.1  1.3/21.2
Investment 10.5/10.2  2.0/4.0  99.1/98.9  9.5/9.6  5.4/16.0  0.6/39.1  0.8/2.3
Monet. policy 0.0/0.0 0.1/0.2 0.0/0.0 1.1/1.1 0.1/0.1 3.1/1.8  96.2/67.8
Price mark-up 0.0/0.0 0.1/0.1 0.0/0.0 1.2/1.2 0.0/0.0 79.3/46.4 0.0/0.0
Wage mark-up 1.8/2.0  13.1/125  0.1/0.2  83.9/835  6.7/6.5 2.9/2.1 0.4/0.7
1-yr yield 0.0/0.0 0.0/0.0 0.0/0.0 0.0/0.0 0.0/0.0 0.0/0.0 0.0/0.0
10-yr yield 0.0/0.0 0.0/0.0 0.0/0.0 0.0/0.0 0.0/0.0 0.0/0.0 0.0/0.0

FAL{4}

1.6/3.49
0.3/3.8
1.8/21.8
2.1/10.0
75.3/54.7
0.0/0.0
4.9/4.1
14.0/2.3

0.0/0.0

PAL{40}

0.1/0.1
2.0/1.5
0.1/0.6
0.4/70.2
15.1/8.5
0.0/0.0
0.2/0.1
0.0/0.0

82.2/19.0

tpAL{40}

2.1/0.5
1.9/0.2
2.0/2.9
3.7/85.1
67.3/6.8
0.3/0.0
22.7/4.5
0.0,/0.0

0.0/0.0

Notes: Each cell reports the contributions to the forecast error variance of the corresponding variable for the 1-year forecast

horizon and the unconditional variance decomposition, respectively.
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7 Conclusions

This paper provides an alternative explanation of the bond term premium based on a DSGE
model featuring adaptive learning (AL) with discretional beliefs. In this AL framework,
agents do not know the structure of the economy, so they face an important source of un-
certainty: They do not know what the true model is or what the alternative sources of
fundamental uncertainty are, and they have to learn how the economy behaves from the time
series that they observe.

Following previous work by Aguilar and Véazquez (2021) and Vazquez and Aguilar (2021),
this paper extends the AL model of Slobodyan and Wouters (2012a) by introducing the term
structure of interest rates. But, in contrast to those papers, an endogenous expectational
term premium is obtained under AL where discretional beliefs result in departures from the
expectations hypothesis of the term structure. The term premium is usually viewed as a
compensation for risk associated with investment in long-term bonds, but the expectational
term premium suggested here is the result of model uncertainty, resulting in a misalignment
between the inflation expectations held by agents and those which are embedded in short-term
interest (policy rate) expectations. The estimated expectational AL term premium shares
significant features with those estimated recently from no-arbitrage affine term structure
models (e.g. Adrian, Crump and Moench, 2013) when misaligned expectations are sizable,
and hence casts doubt on the effectiveness of forward guidance in monetary policy during
recent recessions.

More generally, this paper contributes to an important research agenda: Including term
structure in the DSGE framework. Ultimately, there is a need to find a macro-finance model
that captures macro data, the term premium, expectations, and also uncertainty. Having
such a workhorse model is especially important during quantitative easing, when monetary

policy is an active market participant in markets with long-term maturities and risky assets.
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Supplementary appendix (Not intended for publication)
Part 1

The estimated DSGE model under AL is given by

e using the definition of the expectational term premium (9), the optimality condition (8) for

j =1,4,40 can be written as:

J
7\ | .. AL—EH{j , j
Ty = EZL‘L*”HJ - (1 - h) JT U E E£4L7Tt+k +J (tpt{j}>] )
k=1

where 7“24 L-EH{;} _ 1 Zf;o E;“Lrﬂ_i, EtAL denotes the AL operator under discretional beliefs,

g
and tp{t{l} = ¢! is a risk premium structural shock, as in equation (2) of Smets and Wouters (2007),

representing a wedge between the interest rate controlled by the central bank and the return on

1-period assets held by the households.

e the policy rule (17)

1 1 N N 4
r;{ - p,ﬂrff}l +(1—pr) [r,rEfLﬁtH + ryfe] + rayAde + Tspsp;{ g £y,

e and the set of the remaining log-linearized dynamic equations in Slobodyan and Wouters

(2012a):

— Aggregate resource constraint:

Y = CyCr + tyiy + 2y2e + €7, (19)

where ¢, = % =1—gy — iy, iy = % = (7—1—1—5)%, and z, = T’k% are steady-
(

state ratios. As in Smets and Wouters (2007), the depreciation rate and the exogenous

spending-GDP ratio are fixed in the estimation procedure at 6 = 0.025 and g, = 0.18.

— Investment equation:

it = ivie—1 + (1 —i1) B Figen + ioge + €l (20)
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where 11 = ﬁ,

and i2 = m with B = B’}’(l_ac).

— Arbitrage condition (value of capital, ¢;):
1 _
g =qEM g+ (1 - Q1)E£4L7“f+1 - (7}{ b EiALﬂtH) +ezlel (21)

where 1 = By~ 1(1 - 6) = ﬁ.

— Log-linearized aggregate production function:

ye = @ (aki + (1 —a)ls + 7)), (22)

where & = 1 + % =1+ Steady'sm;f fixed cost 4nd « is the capital-share in the production

function.??

— Effective capital (with one period time-to-build):

ki = ki1 + 2. (23)
— Capital utilization:
2 = z1717, (24)
where 21 = %
— Capital accumulation equation:
ke = kike—1 + (1 — k1)ig + kocl, (25)

— Marginal cost:

me; = (1 — a)wy + arf — €%, (26)

35From the zero profit condition in steady-state, it should be noticed that ¢, also represents the
value of the steady-state price mark-up.
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— New-Keynesian Phillips curve (price inflation dynamics):

T = mT—1 + 7r2E;4L7Tt+1 — Tymey + ey, (27)
o w _ _B _ A | (1=5%)0-&) _ 148y
where m = T hn Ty = T T3 = T [ g , and T4 = T The

coefficient of the curvature of the Kimball goods market aggregator, included in the
definition of A, is fixed in the estimation procedure at €, = 10 as in Smets and Wouters

(2007).

— Optimal demand for capital by firms:
— (k=) + wy = rf. (28)
— Wage markup equation:
Uy = wp —mrsg = wy — (O‘llt + ﬁ (ct — (h/7) ct,l)) . (29)
— Real wage dynamic equation:

wy = wywe—1 + (1 — wq) (EiALle + Ef‘LmH) — womy + wam—1 — wapy + e’ (30)

where w; = = B wy = - _ 1 [ (1-Béw)(1—Ew)

_1 1 :
vl wy = 145 =15 wy = 7 éw((¢wl)aw+l)} with the curvature

of the Kimball labor aggregator fixed at €, = 10.0 and a steady-state wage mark-up

fixed at ¢, = 1.5 as in Smets and Wouters (2007)
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Part 2

This part of the supplementary appendix analyzes the performance of the baseline- and the
VA-AL specifications in reproducing selected second-moment statistics obtained from actual
data as shown in Table A.1. More precisely, the simulated data is generated by carrying
out a stochastic simulation of the model using the mean of the posterior distribution of each
estimated parameter. I carry out 5,000 stochastic simulations of equal size of the sample
period in order to compute the mean and the 90% simulated credible set of each simulated
statistic. I focus on five types of moment: standard deviations, first-order autocorrelations,
and the correlations of the alternative variables with output growth, inflation, and the short-
term (policy) interest rate, respectively.

For standard deviations, the two estimated AL models are able to match the volatility of
all variables reasonably well, at least qualitatively. For first-order autocorrelation, the two
AL specifications reproduce the low/moderate persistence of the growth rates of most real
variables rather well. It also does a good job in reproducing the high persistence of hours
worked and the nominal variables. For correlations with output growth, the AL models
capture the moderate/high correlation between consumption and output growth rates and
the low correlation of output growth with hours worked and to some extent with inflation.
For the rest of the variables, the estimated correlation with output growth is in general lower
than the actual correlation. The model does also a good job in characterizing the correlations
of the alternative variables with both inflation and the short-term interest rate. These results

are rather similar for the two AL specifications.
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Table A.1.

Actual and simulated second moments (1983:2-2017:3)

Actual data
Std. dev.
Autocor.
Cor.(Ay)
Cor.(7)

Cor.(r)

Ay

0.62*

0.41F

1.0

0.14F

0.28%

Simulated data

Std. dev.

Autocor.

Cor.(Ay)

Cor.(m)

Cor.(r)

0.64/0.78

(0.57,0.70)

0.14/0.33

(0.00,0.28)

1.0

-0.03/0.02

(-0.16,0.10)

-0.04/0.12

(-0.18,0.10)

Ac

0.60*

0.37*F

0.70*+

0.09*+

0.30"

0.65/0.77

(0.58,0.72)

0.23/0.53

(0.08,0.38)

0.69/0.78

(0.61,0.76)

0.00/0.02

(-0.12,0.12)

-0.04/0.17

(-0.18,0.11)

Ainv

1.887F

0.67

0.69

0.11*F

0.04*+

1.44/1.77

(1.27,1.63)

0.46/0.55

(0.34,0.58)

0.28/0.27

(0.14,0.41)

-0.09/0.10

(-0.29,0.11)

-0.01/-0.04

(-0.22,0.21)

Aw

0.861

-0.19

-0.02*

-0.14

0.11*t

1.11/0.88

(1.00,1.23)

0.19/0.02

(0.05,0.33)

0.03/0.15

(-0.11,0.17)

-0.05/0.05

(-0.21,0.12)

0.01/0.03

(-0.15,0.18)

4.08"

0.99

0.15*+

0.29%+

0.71

1.88/2.81

(1.21,2.78)

0.94/0.97

(0.88,0.98)

0.11/0.09

(-0.01,0.23)

0.18/0.06

(-0.43,0.68)

0.18/0.07

(-0.39,0.67)

0.25

0.61

0.147F

1.0

0.54*+

0.75/0.56

(0.48,1.14)

0.93/0.89

(0.85,0.97)

-0.03/0.02

(-0.16,0.10)

1.0

0.21/0.71

(-0.39,0.71)

0.87*+

0.99*F

0.28F

0.54*F

1.0

0.63/0.67

(0.39,0.95)

0.98/0.97

(0.95,0.99)

-0.04/0.12

(-0.18,0.10)

0.21/0.71

(-0.39,0.71)

{4}

0.76*+

0.99

0.35

0.56* 1

0.98*

0.61/0.60

(0.38,0.90)

0.96/0.94

(0.92,0.98)

-0.05/-0.02

(-0.19,0.09)

0.09/0.75

(-0.49,0.63)

0.94/0.80

(0.86,0.98)

PEH{4}

0.77F

0.99

0.37

0.56*+

0.97

0.39/0.57

(0.25,0.58)

0.95/0.94

(0.90,0.98)

-0.01/0.01

(-0.15,0.13)

0.37/0.69

(-0.15,0.78)

0.84/0.68

(0.62,0.96)

{40}

0.67*

0.99

0.37

0.54*F

0.90

0.44/0.43

(0.26,0.69)

0.95/0.95

(0.89,0.98)

-0.02/0.06

(-0.15,0.11)

0.32/0.45

(-0.29,0.77)

0.42/0.44

(-0.18,0.83)

Note: An asterisk (a cross) in the upper panel indicates that the actual second moment statistic lies within the estimated

credible set for the baseline (VA)-AL model. Each cell in the bottom panel shows the posterior estimates for the baseline- and the

VA-AL specifications, respectively. The bottom panel only shows the credible sets for the baseline specification in parentheses.

The credible sets for the VA-AL specification are available upon request.
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Table A.2.1:

Priors and estimated posteriors of the structural parameters

Log-likelihood

Distr
@: cost of adjusting capital Normal
h: habit formation Beta
o @ Frisch elasticity Normal
&p: price Calvo probability Beta
&w: wage Calvo probability Beta
Ly wage indexation Beta
tpt price indexation Beta
9: capital utilization adjusting cost Beta
@ : steady state price mark-up Normal
rq: policy rule inflation Normal
pr: policy rule smoothing Beta
ry: policy rule output gap Beta
TAy: policy rule output gap growth Beta
rspt policy rule term spread Normal
7: steady-state inflation Gamma
100(8~1 — 1): steady-state rate of disc. Gamma
#SPF. mean of SPF rate. Uniform
l: steady-state labor Normal
~: one plus steady-state growth rate Normal
«: capital share Normal
P expectations inflation coef. Beta
et expectations consumption coef. Beta
pr: expectations policy rate coef. Beta
p: learning parameter Beta

Priors

Mean

4.00

0.70

2.00

0.50

0.50

0.50

0.50

0.50

1.25

1.50

0.75

0.12

0.62

0.25

1.00

0.00

0.40

0.30

0.90

0.90

0.90

0.50

Std D.

1.50

0.50

0.10

0.15

0.12
0.25
0.10
0.05
0.05

0.05

0.10

2.00

0.10

0.05

0.15

60

0.29

Mean

2.61

0.26

2.49

0.66

0.24

0.52

0.17

0.75

1.27

1.56

0.97

0.16

0.03

0.18

0.63

0.32

1.10

-0.62

0.43

0.12

0.71

0.99

0.97

0.93

Baseline

-371.03

5%
2.33
0.23
2.40
0.61
0.21
0.45
0.11
0.69
1.18
1.45
0.96
0.13
0.02
0.15
0.56
0.28
0.98

-1.25
0.41
0.10
0.66
0.95
0.92

0.92

Posteriors
95% Mean
2.79 2.65
0.29 0.71
2.62 1.86
0.71 0.63
0.27 0.59
0.58 0.48
0.23 0.14
0.81 0.03
1.35 1.37
1.64 1.36
0.98 0.86
0.20 0.005
0.03 0.008
0.21 0.17
0.71 0.61
0.36 0.26
1.24 0.94
-0.12 -0.57
0.45 0.42
0.14 0.11
0.78 —
1.0 —
1.0 —
0.94 0.949

VA-AL
-445.73
5%
2.62
0.69
1.85
0.60
0.57
0.36
0.10
0.02
1.29
1.30
0.85
0.002
0.006
0.15
0.58
0.21
0.77
-0.77
0.41

0.10

0.943

95%
2.67
0.72
1.87
0.65
0.62
0.60
0.18
0.03
1.45
1.43
0.88
0.007
0.010
0.19
0.64
0.31
1.11
-0.26
0.43

0.13

0.954
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Table A.2.2: Priors and estimated posteriors of the structural shock process parameters

Priors Posteriors
Baseline VA-AL

Distr Mean  Std D. Mean 5%  95% Mean 5%  95%
oa: Std. dev. productivity innov. Invgamma 0.10 2.00 0.44 0.40 0.48 0.45 0.42 0.48
op: Std. dev. risk premium innov. Invgamma 0.10 2.00 0.60 0.54 0.67 0.26 0.25 0.28
0g: Std. dev. exogenous spending innov. Invgamma 0.10 2.00 0.39 0.36 0.42 0.38 0.34 0.41
;1 Std. dev. investment innov. Invgamma 0.10 2.00 1.36 1.29  1.43 1.11 1.08 1.15
oR: Std. dev. monetary policy innov. Invgamma 0.10 2.00 0.11 0.09 0.12 0.106 0.097 0.115
op: Std. dev. price mark-up innov. Invgamma 0.10 2.00 0.23 0.21 0.25 0.19 0.18 0.21
ow: Std. dev. wage mark-up innov. Invgamma 0.10 2.00 1.61 1.54 1.69 0.94 0.88 0.99
SOL Std. dev. 1-yr TP innov. Uniform 2.00 2.00 0.35 0.32 0.39 0.11 0.10 0.12
o (a0} Std. dev. 10-yr TP innov. Uniform 2.00 2.00 0.41 0.37 0.45 0.11 0.09 0.12
o spr: Std. dev. SPF mesmt. error Uniform 0.10 2.00 0.069 0.064 0.075 0.11 0.10 0.12
pai Autoreg. coef. product. shock Beta 0.50 0.20 0.96 0.94 0.98 098 096 0.99
pp: Autoreg. coef. risk shock Beta 0.50 0.20 0.90 0.88 0.92 0.42 0.39 0.45
pg: Autoreg. coef. exog. spen. shock Beta 0.50 0.20 0.988 0.980 0.995 097 095 0.99
pi: Autoreg. coef. invest. shock Beta 0.50 0.20 0.97 0.96 0.98 0.95 0.94 0.96
pRr: Autoreg. coef. policy shock Beta 0.50 0.20 0.52 0.49 0.58 0.74 0.71 0.77
ppi Autoreg. coef. price mkup shock Beta 0.50 0.20 0.98 0.96  0.99 0.95 0.94 0.97
pw: Autoreg. coef. wage mkup shock Beta 0.50 0.20 0.96 0.94 0.98 0.957 0.950 0.965
fipi MA coef. price markup shock Beta. 0.50 0.20 0.47 0.41 0.52 0.58 0.54 0.63
fw: MA coef. wage markup shock Beta 0.50 0.20 0.17 0.11 0.21 049 043 0.54
praj: Autoreg. coef. l-yr TP Beta 0.50 0.20 0.76 0.73 0.78 0.95 0.94 0.96
pra0}: Autoreg. coef. l-yr TP Beta 0.50 0.20 0.94 091 0.96 097 096 0.99
pspr: Autoreg. coef. SPF mesmt. error Beta 0.50 0.20 0.94 0.91 0.97 0.96 0.94 0.97
pga: interact. product. and spend. shocks Beta. 0.50 0.25 0.40 0.35 0.45 0.52 0.47 0.58
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